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Abstract
We employ the twistor approach to the construction of U(2) multi-instantons a la ’t Hooft
on noncommutative R4. The noncommutative deformation of the Corrigan-Fairlie-’t Hooft-
Wilczek ansatz is derived. However, naively substituting into it the ’t Hooft-type solution is
unsatisfactory in two ways: The resulting gauge eld fails to be self-dual on a nite-dimensional
subspace of the Fock space, and it does not yield noncommutative abelian instantons in the
zero-size limit. We repair both deciencies by two successive Murray-von Neumann transforma-
tions. The proper noncommutative ’t Hooft multi-instanton conguration is given explicitly, in
a singular as well as in a regular gauge.
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1 Introduction and results
It is plausible that at very small scales space-time coordinates are to be replaced by some
noncommutative structure. In order to realize this idea it is necessary to merge the framework of
gauge eld theory with the concepts of noncommutative geometry [1, 2, 3].
The dynamics of nonabelian gauge elds involves eld congurations not accessible by pertur-
bation theory of which instantons are the most prominent (in Euclidean space-time). In order to
describe the nonperturbative structure of noncommutative gauge theory, it is therefore mandatory
to construct the noncommutative deformation of instanton congurations.
The rst examples of noncommutative instantons were given by Nekrasov and Schwarz [4] who
modied the Atiyah-Drinfeld-Hitchin-Manin (ADHM) construction [5] to resolve the singularities
of instanton moduli space (due to zero-size instantons). Furthermore, they showed that on non-
commutative R4 nonsingular instantons exist even for the U(1) gauge group. This exemplies the
observation that noncommutativity of the coordinates eliminates singular behavior of eld cong-
urations. Since then, numerous papers have been devoted to this subject [6{23], mostly employing
the modied ADHM construction on noncommutative Euclidean space-time. Other related works
have appeared in [24{38].
In the present paper we focus on the noncommutative generalization of ’t Hooft’s multi-instanton
congurations for the U(2) gauge group. Nekrasov and Schwarz [4] proposed to keep the form of the
’t Hooft solutions of the (commutative) self-duality equations but simply impose noncommutativity
on the coordinates. This naive noncommutative ’t Hooft conguration suers from two problems,
however. First, as we will show, it does not approach the noncommutative abelian (multi-) in-
stanton as it should in the zero-size limit. Second, as was discovered by Correa et al. [18] for the
spherically-symmetric one-instanton conguration, the Yang-Mills eld fails to be self-dual every-
where. Technically, the deciency originates from the appearance of a source term in the equation
for the scalar eld φ in the Corrigan-Fairlie-’t Hooft-Wilczek (CFtHW) ansatz. Here, we generalize
the result of [18] to the naive noncommutative multi -instanton congurations by deriving their
source terms and discuss the singular nature of the ansatz.
In the commutative case, in contrast, such source terms are absent because the singularities of
2φ are cancelled by the zeros of φ−1. Yet, singularities are present in the gauge potential. However,
it is well known how to remove such singularities by a singular gauge transformation, producing for
example the Belavin-Polyakov-Schwarz-Tyupkin (BPST) instanton. Therefore, one may wonder
if a noncommutative analogue exists which removes the source terms, thus yielding a completely
regular noncommutative multi-instanton whose eld strength is self-dual everywhere.
In the present paper, we answer this question in the armative and also provide the solution
to the rst problem above. Rather than using the ADHM construction, we easily adapt the twistor
approach (which in fact underlies the ADHM scheme [5]) to the noncommutative situation, by pro-
moting functions to operators acting on a harmonic-oscillator Fock space. Employing the simplest
Atiyah-Ward ansatz for the matrix-valued function of the associated Riemann-Hilbert problem, we
straightforwardly derive the noncommutative generalization of the CFtHW ansatz.
The two shortcomings described above are remedied by applying two Murray-von Neumann
(MvN) transformations to the naive noncommutative ’t Hooft multi-instanton. Such transforma-
tions are not invertible (thus not unitary) but may be considered the noncommutative analogues
of singular gauge transformations. The rst MvN transformation is abelian and takes care of the
rst problem: The transformed conguration enjoys the correct zero-size limit and may rightfully
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be termed a noncommutative ’t Hooft instanton in the singular gauge. Yet, its self-duality still
breaks down on a (now smaller) subspace of the Fock space, due to a source term. The second MvN
transformation directly generalizes the known commutative singular gauge transformation and re-
moves the remaining source term.1 In this way, we obtain the correct noncommutative ’t Hooft
n-instanton conguration, which contains all known explicit solutions as special cases.
2 Instantons from the twistor approach
Definitions and notation. We consider the Euclidean space R4 with the metric δµν , a gauge
potential A = Aµdxµ and the Yang-Mills eld F = dA + A ^ A with components Fµν = ∂µAν −
∂νAµ + [Aµ, Aν ], where ∂µ := ∂/∂xµ and µ, ν, . . . = 1, 2, 3, 4. The eld Aµ and Fµν take values in
the Lie algebra u(2).
The self-dual Yang-Mills (SDYM) equations have the form:
F = F =) 12εµνρσFρσ = Fµν , (2.1)
where  denotes the Hodge star operator and εµνρσ is the completely antisymmetric tensor in R4,
with ε1234 = 1. Solutions of (2.1) having nite Yang-Mills action are called instantons. Their action
S = − 1
g2
Z
trF ^ F (2.2)
equals 8pi2/g2 times an integer which is the topological charge
Q = − 1
8pi2
Z
trF ^ F . (2.3)
By ‘tr’ we denote the trace over the u(2) gauge algebra and by g the Yang-Mills coupling constant
hidden in the denition of the Lie algebra components of the elds A and F .
If we introduce complex coordinates
y = x1 + ix2 , z = x3 − ix4 , y = x1 − ix2 , z = x3 + ix4 (2.4)
and put
Ay = 12(A1 − iA2) , Az = 12(A3 + iA4) , Ay¯ = 12(A1 + iA2) , Az¯ = 12 (A3 − iA4) , (2.5)
then the SDYM equations (2.1) will read
[Dy,Dz] = 0 , [Dy¯,Dz¯ ] = 0 , [Dy,Dy¯] + [Dz,Dz¯ ] = 0 , (2.6)
where Dµ := ∂µ + Aµ. These equations can be obtained as the compatibility condition of the
following linear system of equations:
(Dy¯ − λDz)ψ(x, λ) = 0 and (Dz¯ + λDy)ψ(x, λ) = 0 , (2.7)
where the 2 2 matrix ψ depends on (y, y, z, z, λ) but not on λ. The ‘spectral parameter’ λ lies in
the extended complex plane CP 1 = C [ f1g.
1For the one-instanton configuration such a transformation was considered by Furuuchi [9] in the ADHM approach.
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Twistors and transition functions. In fact, the function ψ in (2.7) is dened on the twistor
space P = R4CP 1 for the space R4 [39, 40]. The sphere S2, considered as the complex projective
line CP 1, can be covered by two coordinate patches U+ and U− with
CP 1 = U+ [ U− , U+ = CP 1 n f1g , U− = CP 1 n f0g , (2.8)
and coordinates λ and ~λ on U+ and U−, respectively. Therefore, also P can be covered by two
coordinate patches,
P = U+ [ U− , U+ = R4  U+ , U− = R4  U− , (2.9)
with complex coordinates
w1 = y − λz , w2 = z + λy , w3 = λ and ~w1 = ~λy − z , ~w2 = ~λz + y , ~w3 = ~λ (2.10)












On the open set U+ \ U− one may use any of them, and we will use w1, w2 and w3=λ.
There exist two matrix-valued solutions ψ+(x, λ) and ψ−(x, λ) of (2.7) which are dened on U+
and U−, respectively. Finding them, one can introduce the matrix-valued function
f+− := ψ−1− ψ+ (2.12)
dened on the open set U+ \ U−  P. From (2.7) it follows that f+− depends on the complex
coordinates w1, w2 and λ holomorphically,
(∂ y¯ − λ∂z)f+− = 0 and (∂ z¯ + λ∂y)f+− = 0 =) f+− = f+−(w1, w2, λ) . (2.13)
Any such function denes a holomorphic bundle over P. Namely, f+− can be identied with a
transition function in a holomorphic bundle over P, and a pair of functions ψ denes a smooth
trivialization of this bundle.
Gauge equivalence and reality conditions. It is easy to see that gauge transformations
Aµ 7! Agµ = g−1Aµ g + g−1∂µ g (2.14)
are induced by the transformations
ψ+ 7! ψg+ = g−1ψ+ and ψ− 7! ψg− = g−1ψ− , (2.15)
where g=g(x) is an arbitrary U(2)-valued function on R4. The transition function f+− = ψ−1− ψ+
is invariant under these transformations. On the other hand, the gauge potential A is inert under
the transformations
ψ+ 7! ψ+ h−1+ and ψ− 7! ψ− h−1− , (2.16)
where h+=h+(w1, w2, λ) and h−=h−( ~w1, ~w2, ~λ) are arbitrary matrix-valued holomorphic functions
on U+ and U−, respectively.
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The reality of the gauge elds is an important issue [39, 40]. The antihermiticity conditions
Ayµ = −Aµ for components of the gauge potential imply the following ‘reality’ conditions for the
matrices ψ and f+−:
ψy+(x,−λ−1) = ψ−1− (x, λ) and f y+−(x,−λ−1) = f+−(x, λ) . (2.17)
Splitting of transition functions. Consider now the inverse situation. Let us have a holomorphic
matrix-valued function f+− on the open subset U+ \ U− of the twistor space P. Suppose we are
able to split f+−, i.e. for each xed x 2 R4 nd matrix-valued functions ψ(x, λ) such that
f+− = ψ−1− ψ+ on U+\U− and the functions ψ+ and ψ− can be extended continuously to functions
regular on U+ and U−, respectively. From the holomorphicity of f+− it then follows that
ψ+(∂ y¯ − λ∂z)ψ−1+ = ψ−(∂ y¯ − λ∂z)ψ−1− and ψ+(∂ z¯ + λ∂y)ψ−1+ = ψ−(∂ z¯ + λ∂y)ψ−1− . (2.18)
Recall that the matrix-valued functions ψ+ and ψ− are regular on their respective domains, so




Upon substituting into (2.18) one easily sees that both sides of (2.18) must be linear in λ, and one
can introduce Aµ by
Ay¯ − λAz = ψ(∂y¯ − λ∂z)ψ−1 and Az¯ + λAy = ψ(∂z¯ + λ∂y)ψ−1 . (2.19)
Hence, the gauge eld components may be calculated from
Ay¯ = ψ+∂ y¯ψ−1+ jλ=0 = −Ayy and Az¯ = ψ+∂z¯ψ−1+ jλ=0 = −Ayz . (2.20)
By construction, the components fAµg of the gauge potential A dened by (2.19) or (2.20) satisfy
the SDYM equations. For more detailed discussion of local solutions, their innite-dimensional
moduli space and references see e.g. [41, 42].
For a xed point x 2 R4, the task to split a matrix-valued holomorphic function f+− 
f+−(y−λz, z+λy, λ) denes a parametric Riemann-Hilbert problem on CP 1. The explicit general
solution of this Riemann-Hilbert problem is not known. For a large class of special cases, however,
the splitting can be achieved. In this paper we shall make explicit use of a particular example, the
so-called Atiyah-Ward ansatz [39], to be presented momentarily in the noncommutative context.
3 The Atiyah-Ward ansatz
Noncommutative Yang-Mills theory. The noncommutative deformation of (classical) eld
theory is most easily eected by extending the function product in eld space to the star product










with a constant antisymmetric tensor θµν . In this work, we restrict ourselves to the case of anti-
self-dual θµν and choose coordinates such that
θ12 = −θ21 = −θ34 = θ43 = θ > 0 . (3.2)
In star-product formulation, the SDYM equations (2.1) are formally unchanged, but the components
of the noncommutative eld strength now read
Fµν = ∂µAν − ∂νAµ +Aµ ? Aν −Aν ? Aµ . (3.3)
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The nonlocality of the star product renders explicit computations cumbersome. We therefore
take advantage of the Moyal-Weyl correspondence and pass to the operator formalism, which trades
the star product for operator-valued coordinates x^µ satisfying [x^µ, x^ν ] = iθµν . This denes the
noncommutative Euclidean space R4θ. In complex coordinates (2.4) our choice (3.2) implies
[ y^ , ^y ] = 2θ , [ z^ , ^z ] = 2θ , and other commutators = 0 . (3.4)
Clearly, coordinate derivatives are now inner derivations of this algebra, i.e.
∂^yf^ = −12θ [ ^y , f^ ] and ∂^ y¯f^ =
1
2θ [ y^ , f^ ] (3.5)
for any function f^ of (y^, ^y, z^, ^z). Analogous formulae hold for ∂^z and ∂^z¯.
The obvious representation space for the Heisenberg algebra (3.4) is the two-oscillator Fock
space H spanned by fjn1, n2i with n1, n2 = 0, 1, 2, . . . g. In H one can introduce an integer ordering
of states e.g. as follows [37]:
jki = jn1, n2i = ^y
n1 ^zn2 j0, 0ip
n1!n2!(2θ)n1+n2
with k = n1 + 12 (n1 + n2)(n1 + n2 + 1) . (3.6)
Thus, coordinates as well as elds are to be regarded as operators in H. The Moyal-Weyl map
yields the operator equivalent of star multiplication and integration,
f ? g 7−! f^ g^ and
Z
d4x f = (2piθ)2 TrH f^ , (3.7)
respectively, where ‘TrH’ signies the trace over the Fock space H.
In the operator formulation, the noncommutative generalization of the SDYM equations (2.6)
again retains their familiar form,
F^yz = 0 , F^y¯z¯ = 0 , F^yy¯ + F^zz¯ = 0 . (3.8)
The operator-valued eld-strength components F^µν , however, now relate to the noncommutative
gauge-potential components A^µ with the help of (3.5), as e.g. in
2θ F^yz = [^z − θA^z, A^y]− [^y − θA^y, A^z] . (3.9)
For the rest of the paper we shall work in the operator formalism and drop the hats over the
operators in order to avoid cluttering the notation.
Noncommutative Atiyah-Ward ansatz. Commutative instantons can be obtained by the fa-
mous ADHM construction [5], which was derived from the twistor approach. Almost all works
on noncommutative instantons are based on the modied ADHM construction [4]. At the same
time, it is known that the modied ADHM construction can be interpreted in terms of a noncom-
mutative version of the twistor transform [33, 34]. Therefore it is reasonable to expect that an
approach based on the splitting of transition functions in a holomorphic bundle over a noncommu-
tative twistor space [33, 34, 38] will work as well. Here we show that this is indeed the case for the
simplest Atiyah-Ward ansatz for the transition functions.










where k = 1, 2, . . . and ρ denotes a holomorphic function on U+ \U−  P.2 We are condent that
the ansa¨tze (3.10) allow one to construct solutions of the noncommutative SDYM equations (3.8)
simply by promoting ρ to an operator acting in the Fock space H.














Because f+− is related to f
(1)
+− by a transformation (2.16), with h+ = ( 0 1−1 0 ) and h− = ( 1 00 1 ), it
leads to the same gauge eld conguration. Yet, f+− has the advantage of satisfying the reality
condition (2.17). Here ρ is a holomorphic ‘real’ operator-valued function, i.e.
(∂ y¯ − λ∂z)ρ = (∂ z¯ + λ∂y)ρ = 0 and ρy(x,−λ−1) = ρ(x, λ) . (3.12)















m and φ := ρ0 . (3.14)
The reality condition (2.17) then becomes
φy(x) = φ(x) and ρy+(x,−λ−1) = ρ−(x, λ) . (3.15)
































which satisfy the reality condition (2.17). Thus, the rst Atiyah-Ward ansatz is easily generalized
to the noncommutative case.
Parametrization of the gauge potential. From the operator version of formulae (2.19){(2.20)
and recursion relations
∂y¯ ρm+1 = ∂zρm and ∂z¯ ρm+1 = −∂yρm (3.18)
2A reminder on the commutative situation: For k=1 the ansatz (3.10) leads to a parametrization of self-dual gauge
fields in terms of a scalar field φ = resλ=0(λ
−1ρ) satisfying the wave equation, while for k≥2 it produces solutions
more general than the ’t Hooft n-instanton configurations [39, 43, 44, 45]. Note that the matrices f
(k)
+− do not satisfy
the reality condition (2.17).
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−φ− 12 (∂yφ)φ− 12 φ− 12 ∂z¯φ 12
!
. (3.19)
Rewriting these expressions in real coordinates xµ, we obtain the noncommutative generalization
































abc for µ = b , ν = c
−δaµ for ν = 4
δaν for µ = 4
(3.21)

















are the Pauli matrices.
Reduced SDYM equation. Calculating the Yang-Mills curvature for the noncommutative



















2 (∂y∂y¯φ+ ∂z∂ z¯φ)φ−
1
2 . (3.24)
Hence, for the ansatz (3.20) the noncommutative SDYM equations (3.8) are reduced to
φ−
1
2 (∂y∂ y¯φ+ ∂z∂ z¯φ)φ−
1
2 = 0 . (3.25)
It is natural to assume [4] that a solution φn of this equation looks exactly like the standard
’t Hooft solution





















jn1, n2ihn1, n2j ,
7
r2i = δµν(x
µ − bµi )(xν − bνi ) = yiyi + zizi + 2θ ,
yi := y − byi , zi := z − bzi , bi := (bµi ) = (byi , bzi ) , bi := (bµi ) = (byi ,bzi ) . (3.27)
The real parameters bµi and i denote the position coordinates and the scale of the ith instanton.
In particular, as a candidate for the one-instanton solution we have (putting bµ1=0)





r2 = δµνxµxν = 12 (yy + yy + zz + zz) = yy + zz + 2θ . (3.29)
Sources. When checking the self-duality of the purported one-instanton conguration one discovers
a subtlety: The substitution of (3.28) into the reduced SDYM equation (3.25) and results [46] on










P0 with P0 := j0, 0ih0, 0j , (3.30)
is not zero if 2 6=0. This has led the authors of [18] to the conclusion that this conguration is
not self-dual. This is not the whole story - one can show that all φn in (3.26) fail to satisfy (3.25).
Namely, by dierentiating we obtain


















2θ j0, 0i (3.32)
denotes the ‘shifted ground state’ centered at (bµi ) which is constructed as a coherent state for the
Heisenberg-Weyl group generated by the algebra (3.4). The vectors jbii, i = 1, . . . , n, span an
n-dimensional subspace of H. Since they are not orthonormalized it is useful to also introduce an
orthonormal basis fjh1i, . . . , jhnig of this subspace through [47]( jh1i, jh2i, . . . , jhni  := T (T yT )− 12 with T := ( jb1i, jb2i, . . . , jbni  . (3.33)
This basis can be extended to an orthonormal basis of the whole Fock space H by simply adjoining


























n (∂y∂y¯φn + ∂z∂z¯φn)φ
− 1
2








which is not zero if at least one 2i does not vanish.
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4 Noncommutative instantons
Murray-von Neumann transformations. The twistor approach has given us a systematic
way of producing a noncommutative generalization (3.20) of the CFtHW ansatz. However, it has
been shown above that the noncommutative ’t Hooft type ansatz (3.26) does not solve the SDYM
equations since Xn 6= 0 produce sources in the r.h.s. of (3.23). These sources are localized on a
nite-dimensional subspace of the Fock space.
The resolution of the above puzzle is the following. Recall that in the noncommutative case
the components Aµ and Fµν are operators acting (on the left) in the space H⊗C2 = HH which
carries a fundamental representation of the group U(2). It is easy to see that for the ansatz (3.28)
each term of the operators Aµ in (3.20) annihilates the state j0, 0i ⊗C2 or C2⊗ h0, 0j (when acting
on the right), thus h0, 0jAµj0, 0i = 0. This shows that the Aµ are well dened only on the subspace
(1−P0)H ⊗ C2 of the Fock space. Moreover, from (3.30) we see that the gauge elds are self-dual
only on the same subspace since X1(1−P0) = 0. Analogously, one can easily see that Xn given
by (3.35) is annihilated by the projector
1− Pn−1 := 1−
nX
i,j=1




onto the orthogonal complement of the subspace spanned by fjbii, i = 1, . . . , ng but not outside it.
Therefore, the solutions based on (3.26) are self-dual on the reduced Fock space (1−Pn−1)H⊗C2.
The same phenomenon occurs in the modied ADHM construction of the noncommutative one-
and two-instanton solutions and was discussed intensively by Ho [7] and especially by Furuuchi
[8, 9, 10, 11]. Note that the deletion of a subspace generated by n states jbii, i = 1, . . . , n, from the
Fock space corresponds to the exclusion of n points bi, i = 1, . . . , n, (in which the gauge potential
is singular) from the commutative space R4. Hence, the sources in the r.h.s. of (3.23), being
localized on the subspace Pn−1H ⊗ C2, imply that the ansatz (3.26) produces a singular solution.
As is well known in the commutative situation (see e.g. [48]), the singularity in the gauge potential
can be removed by a singular gauge transformation, leading for instance to the BPST form of
the one-instanton solution. The noncommutative analogues of such singular gauge transformations
are so-called Murray-von Neumann (MvN) transformations. Indeed, such transformations were
proposed in a dierent context { the modied ADHM approach { to remove the singularity of the
noncommutative one-instanton solution for the U(1) [7] and U(2) [9] gauge groups. Here we will
show that also for the noncommutative ’t Hooft solutions there exist MvN transformations which
in fact repair the deciency in (3.35) for any nite n.
We consider a special kind of MvN transformations (isometry [49]),
Aµ 7! A0µ = V yAµV + V y∂µV and Fµν 7! F 0µν = V yFµνV , (4.2)
where the operator V satises the equations
V y V = 1 while V V y = 1− P . (4.3)
Here P is a projector in the Fock space H ⊗ C2, which means that the transformations (4.2) have
no inverse and therefore cannot be regarded as gauge transformations. In the following subsections
we will demonstrate that to the singular conguration (3.20) with φ from (3.26) one should apply
two MvN transformations: the rst one (abelian) produces the proper noncommutative ’t Hooft
multi-instanton in a singular gauge, and the second one (a noncommutative analogue of the singular
gauge transformation) leads us to the nonsingular noncommutative ’t Hooft n-instanton solution.
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One-instanton solution. Let us consider rst the one-instanton conguration (3.28) in (3.20) and
construct its MvN transformation VV1. As already mentioned, we perform the transformation in
two steps,
Aµ
Sˇ17−! Asµ U17−! A0µ and Fµν Sˇ17−! F sµν U17−! F 0µν , (4.4)
meaning that we factorize V1 = S1 U1. As will be justied below, the transformation matrices can















Sy1 S1 = 1 while S1 S
y
1 = 1− P0 . (4.6)





constructed from the integer ordered states (3.6). Another possible realization of S1 is [11]




j0, n2+1ih0, n2j − j0, n2ih0, n2j

. (4.8)








This is precisely the U(2) one-instanton conguration produced by the modied ADHM construc-
tion [9]. Its curvature, however, still fails to be self-dual on j0, 0i. The importance of this trans-
formation will become clear in the last subsection. Suce it to say here that not Aµ but rather
Asµ must be considered as the ’t Hooft instanton (albeit in a singular gauge). It is the second
(nonabelian) MvN transformation (mediated by U1) which in the commutative limit exactly coin-
cides with the singular gauge transformation from the ’t Hooft to the BPST gauge (see [48]). This








We will now conrm this claim. With the help of the denitions (cf. [9])
r0 := (yy + zz)
1
2 and r−10 := (1−P0)(yy + zz)−
1







it is readily checked that





= (1− P0)⊗ 12 . (4.12)
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Furthermore, one nds that
X1 V1 = − 
2
2θ(2 + 2θ)





V y1 P0 = 0 , (4.13)
which assures that
F 0yz = V
y







V1 = 0 ,
F 0y¯z¯ = V
y







V1 = 0 ,










V1 = 0 . (4.14)
Obviously, the second MvN transformation (4.10) not only preserves the self-duality of Fµν on
(1−P0)H ⊗ C2 but also extends it to the whole Fock space H ⊗ C2 . This is exactly what was
desired to cure the incompleteness of the conguration (3.20) with φ from (3.26). In combined




























































with abbreviations from (3.28), (3.29), and (4.7).
Multi-instanton solutions. Again, a (two-step) Murray-von Neumann transformation
Aµ
Sˇn7−! Asµ Un7−! A0µ and Fµν Sˇn7−! F sµν Un7−! F 0µν (4.16)




























= −f y (4.18)
and Sn : H ! (1−Pn−1)H is to satisfy the relations
Syn Sn = 1 and Sn S
y
n = 1− Pn−1 . (4.19)
In the orthonormal basis one can choose Sn and S
y









Since this basis was constructed from the states jb1i, . . . , jbni, the operator Sn contains all the
information about the position parameters b1, . . . , bn.
Recall that the eld strength for Aµ is self-dual on the space (1−Pn−1)H  (1−Pn−1)H. As























































is still singular since it is self-dual only on (1−Pn−1)H H. Nevertheless it is more regular than
Aµ since the dimensionality of the subspace producing the source terms has been reduced from
2n to n. In contrast to Aµ, however, Asµ does have the correct zero-size limit to be regarded as a
proper noncommutative n-instanton conguration (in a singular gauge). Again, in the commutative
limit Sn approaches a diagonal unitary matrix generating an abelian gauge transformation while
Un generates precisely the singular gauge transformation which removes the singularities from the
n-instanton ’t Hooft solution (see [48]).
Let us justify our proposal (4.17). Employing the relations


















(1−Pn−1) and r20i := yiyi + zizi , (4.23)
one can show that






Together with (4.19) one gets





= (1− Pn−1)⊗ 12 . (4.25)
Finally, substituting (3.26) into (4.21) and performing the second transformation via Un from (4.17)
we learn that the anti-self-dual part of F 0µν indeed vanishes everywhere in H ⊗ C2, again due to
XnVn = 0 = V
y





µ Un + U
y
n ∂µ Un (4.26)
constitutes a proper noncommutative generalization of the ’t Hooft n-instanton solution. It has
topological charge Q = n since in the θ ! 0 limit our solution coincides with the standard ’t Hooft
solution, and the topological charge does not depend on θ. This may also be shown by reducing
the action integral to the trace of the projector Pn−1, following Furuuchi [11].
Zero-size instantons. We have identied the role of the nonabelian MvN transformation above.
The purpose of the abelian transformation generated by S1 becomes clear when considering the
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limit 2 ! 0 (a zero-size instanton) for the gauge potential Asµ. From (3.20), (3.23), (3.28) and















with F (1)µν = (∂µS
y
1)P0(∂νS1)− (∂νSy1)P0(∂µS1) , (4.28)
yielding a nonsingular abelian one-instanton conguration. The further transformation generated
by U1 simply embeds this U(1) solution into the U(2) group (abelian instanton in the \nonabelian
gauge"). In the commutative limit, S1 becomes a unitary operator and, therefore, F sµν jΛ2=0 van-
ishes. For illustration, the operator S1 from (4.8) can be rewritten as (cf. [7])
S1 = y (yy + 2θ)−1y + (1− y (yy + 2θ)−1y) z (zz + 2θ)− 12 , (4.29)
from which one easily sees that in the commutative limit it approaches the identity, and therefore
F
(1)
µν vanishes. This perfectly ts with the fact that abelian instantons do not exist on commu-
tative R4. On the other hand, it becomes obvious that the conguration Aµ, produced by the
standard φn of (3.26) in the CFtHW ansatz (3.20) alone, cannot be considered as a noncommu-
tative ’t Hooft solution even in a singular gauge, because in the zero-size limit it has zero eld
strength instead of leading to a noncommutative abelian instanton.
No new aspects appear for more than one instanton. The limit 2i ! 0 8i (zero-size instantons)





n∂µ Sn , (4.30)








where F (n)µν = (∂µS
y
n)Pn−1∂νSn − (∂νSyn)Pn−1∂µSn , (4.31)
dened on the whole Fock space H H. The nal transformation Asµ Un7! A0µ embeds this regular
U(1) solution into the regular U(2) solution.
5 Concluding remarks
Proper noncommutative instantons are constructed by not only replacing the coordinates in the
commutative conguration by their operator analogues but also applying appropriate MvN transfor-
mations. We have demonstrated this beyond the (previously considered) case of the one-instanton
solution, providing explicit formulae for regular noncommutative ’t Hooft multi-instantons in U(2).
Our results are easily generalized to U(N). We have pointed out that MvN transformations are
not only needed to remove the source singularities in the reduced SDYM equation, which hamper
self-duality on some subspace, but they are also required to ensure the correct zero-size limit where
noncommutative abelian instantons must emerge.
We found it easy to work with the twistor approach because it and the Atiyah-Ward ansa¨tze
directly generalize to the noncommutative realm, providing us with a systematic and straightfor-
ward strategy for the construction of self-dual gauge eld congurations. In this method, the main
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task is to nd two holomorphic (in λ) regular matrix-valued operators ψ+ and ψ− such that their
‘ratio’ ψ−1− ψ+ denes a holomorphic bundle over noncommutative twistor space with appropriate
global properties. In fact, nding solutions to the splitting problem is not made any harder by
noncommutativity.
Multi-instantons can also be obtained by employing the dressing approach [50, 51]. In its
noncommutative variant, one is to nd a meromorphic (in λ) matrix-valued operator ψ (having
nite-order poles in the spectral parameter λ) which obeys some linear dierential equations. The
noncommutative dressing method was successfully applied to the study of noncommutative solitons
in a 2+1 dimensional integrable eld theory [52, 53]. It would be illuminating to also exercise it on
the subject of noncommutative instantons and to compare the results with those obtained in the
twistor approach.
Finally, noncommutative instantons are interpreted as Dp-branes within coincident D(p+4)
branes carrying a constant two-form B-eld background [3]. Thus, they have immediate bearing
on the issue of nonperturbative string backgrounds.
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